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Introduction.

State preparation via cooling.

weak force detection

Coupling EM fields to mechanical resonators.



Lecture slides.

http://www.uq.edu.au/ phgmilbu/QuantumNanoScience2008/campinas-2011.pdf

Further reading:

1. M. Blencowe, Quantum electromechanical systems, Physics
Reports, vol. 395 (3) pp. 159-222 (2004).

2. TJ Kippenberg, KJ Vahala, Cavity optomechanics:
back-action at the mesoscale Science, vol. 321 pp. 1172-1176
(2010).



Macroscopic to microscopic.

Engineered quantum systems ...
   .... moving the quantum/classical border. 

 
 



Macroscopic to microscopic.

Teufel et al. (NIST) Nature, March (2011).  

-Fabricated (artificial) devices that operate by the control of
quantum coherence.
-Involves a very large number of atomic systems.
- Quantise a collective, macroscopic degree of freedom.



Coupling EM fields to mechanical resonators.

qubit+nanomechanics
Lahaye, Nature 2009. 

Kippenberg group, 2009

Harris  group, 2009. 

Aspelmeyer group, 2009. 

NEC,  Appl. Phys. Lett. 2009

qubit+nanomechanics
Lahaye, Nature 2009



Fabrication of nanomechanical resonators.

Roukes, Physics World, Feb, 2001. 
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Roukes, Physics World, 2001.



QEMS applications.

I single molecule detection

I single electron detection

I single spin detection

I fundamental physics



Quantum NEMS ⇒ high frequencies.

Electromechanical systems (EMS) in the quantum domain:

~ν > kBT

Fundamental resonance frequency of a mechanical bar:

M.L. Roukes, "Nanoelectromechanical Systems", cond-mat/0008187

Roukes, 2000.



Quantum theory of NEMS.

Begin with classical elasticity theory.

At Kelvin or lower temperatures, phonon wavelengths exceed
several hundred angstroms — continuum approximation is viable.

For low-energy (long-wavelength) mechanical resonances,
continuum mechanics accurately predicts the resonances and
spatial mode shapes.



Quantum theory of NEMS.

Doubly clamped beam.
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Quantum theory of NEMS.

Quantise harmonic coordinates:

û(z , t) =
∑
n

anun(z , t) + a†nu
∗
n(z , t)

[an, a
†
m] = δn,m

treat lowest flexural mode as a simple harmonic oscillator.

For more details see: M. Blencowe, Physics Reports 395, 159
(2004)



The steps.
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COHERENT 
CONTROL

QUANTUM 
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Step 1: State preparation.
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Step 1: State preparation —Cooling.

How to cool a nanomechanical resonator?

Couple it to a microwave cavity.

Teufel et al, Nature Physics (2008)



Step 1: State preparation —Cooling.

Schwab group.
Rochelau et al, Jan, Nature 2010  

classical 
control

classical measurement
record

Quantum circuits
Quantization of collective degrees of freedom is via equivalent
circuit equations of motion.

At mK the microwave cavity has n̄c ∼ 0.09



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon. This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon. This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon. This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon.

This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon. This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



Step 1: State preparation —Cooling.

Cooling is an irreversible process.

ωm = 2× 6.3MHz, ωc = 2π × 7.5GHz.

Drive cavity at frequency on ωµ = ωc − ωm

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ

excites cavity by absorbing one drive photon and one mechanical
phonon. This cavity excitation then decays rapidly.

Minimum thermal occupation of mechanical resonator,
n̄m ∼ 3, (Schwab , 2010)
n̄m < 1 (Teufel, 2011)



The damped quantum harmonic oscillator.

Couple a simple harmonic oscillator to a large number of
independent oscillators (the bath) in thermal equilibrium at
temperature T .

Assume:

I The interaction is weak

I The bath relaxes very quickly to its steady state which
remains very close to thermal despite the weak interaction
wiht the central oscillator.



The damped quantum harmonic oscillator.

Hamiltonian for the SHO

H0 =
p2

2m
+

mω2
0

2
x2

with [x , p] = i~.

Define

x =

√
~

2mω0
(a + a†) (1)

p = −i

√
~mω0

2
(a− a†) (2)

with [a, a†] = 1.

Then
H0 = ~ω0(a†a + 1/2)
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The damped quantum harmonic oscillator.

Coupling to the bath

H = H0 +
∑
n

p2
n

2mnωn
+

mnω
2
n

2
x2
n +

∑
n

gn(x − xn)2

In terms of raising and lowering operators for the bath bn, b
†
n

H = H0 +
∑
n

~ωnb†nbn +
∑
n

χn(a + a†)(bn + b†n)

(we have ignored a small shift O(g 2
n ) of ω0).

Go to an interaction picture at the bare oscillator frequencies

H =
∑
n

χn(ab†ne−i(ω0−ωn)t + abne−i(ω0+ωn)t + h.c.)

as the interaction is assumed weak we are interested in time scales
much longer than ω0, ωn so we neglect the terms at the sum
frequencies: the rotating wave approximation.
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The damped quantum harmonic oscillator.

In the interaction picture,

H =
∑
n

χn(ab†ne−i(ω0−ωn)t + h.c.)

This will be dominated by bath oscillators that are near resonant
with the central oscillator.

Assume that around ωn = ω0 that χn is slowly varying, and replace
it by a constant

χn →
√
γ

This is a short-cut to what is called the Markov approximation,
which involves a number of additional assumptions. For details see
Gardiner and Zoller, Quantum Noise, Springer
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The damped quantum harmonic oscillator.

The central oscillator amplitude a then follows the Heisenberg
picture equation,

da

dt
= −iω0a(t)− γ

2
a(t) +

√
γain(t) (3)

where the term proportional to γ describes the dissipation of
energy in the oscillator and ain(t) describes the effect of
corresponding fluctuations that enter the system due to the bath.

〈ai (t)〉 = 0 (4)

〈a†i (t)ai (t ′)〉 = Nδ(t − t ′) (5)

〈ai (t)ai (t ′)†〉 = (N + 1)δ(t − t ′) (6)

where

N =

[
e

~ω0
kBT − 1

]−1
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The damped quantum harmonic oscillator.

This equation is a quantum version (given the rotating wave
approximation) for the classical Langevin equation for the force on
viscous damped oscillator.

m
d2x

dt
= −mω2

0x − λdx

dt
+ η(t)

where f (t) represents a rapidily fluctuating force term of zero
mean and correlation

〈η(t)η(t ′)〉 = 2λkBT δ(t − t ′)

(see: Handbook of Stochastic Processes, C W Gardiner, Springer ).



The damped quantum harmonic oscillator.

da

dt
= −iω0a(t)− γ

2
a(t) +

√
γain(t)

the solution is,

a(t) = a(0)e−i(ω0−iγ/2)t +
√
γe−i(ω0−iγ/2)t

∫ t

0
dt ′e i(ω0−iγ/2)tain(t ′)

Thus the average amplitude is

〈a(t)〉 = 〈a(0)〉e−i(ω0−iγ/2)t
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The damped quantum harmonic oscillator.

The mean energy is determined by

〈a†(t)a(t)〉 = 〈a†(0)a(0)〉e−γt

+γe−γt
∫ t

0
dt1

∫ t

0
dt2e
−i(ω0+iγ/2)t1 e i(ω0−iγ/2)t2 〈a†in(t1)ain(t2)〉

where 〈a†in(t1)ain(t2)〉 = Nδ(t1 − t2).

Stochastic calculus rule∗:
∫ t1

0
dt′
∫ t2

0
dt′′f ∗(t′)f (t′′)〈a†in(t′)ain(t′′)〉 =

∫ min(t1,t2)

0
dt′|f (t)|2 N

Thus

〈a†(t)a(t)〉 = 〈a†(0)a(0)〉e−γt + N(1− e−γt)

In the steady state, 〈a†(t)a(t)〉 → N ... thermal equilibrium.

∗ Handbook of Stochastic Processes, C W Gardiner, Springer .
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The damped quantum harmonic oscillator.

Stationary moments in the Fourier domain: Write

a(t) =
1

2π

∫ ∞
−∞

dωe−iωt ã(ω)

Transform equations of motion and neglect initial conditions ... i.e.
the steady state

−iωã(ω) = −iω0ã(ω)− γ

2
ã(ω) +

√
γãin(ω)

thus

ã(ω) =

√
γãin(ω)

γ/2− i(ω − ω0)

with

〈ã†in(ω′)ãin(ω)〉 = Nδ(ω − ω′)
〈ãin(ω′)ãin(ω)†〉 = (N + 1)δ(ω − ω′)



The damped quantum harmonic oscillator.

Writing the steady state average number in terms of Fourier
components ,

〈a†a〉ss =
1

4π2

∫ ∞
−∞

dω′
∫ ∞
−∞

dω′′e i(ω
′−ω′′)t〈ã†(ω′)ã(ω′′)〉

= N
1

2π

∫
dω

γ

γ2/4 + (ω − ω0)2

= N

Thus we can regard

P(ω) =
1

2π

γN

γ2/4 + (ω − ω0)2

as the power spectrum and N is the total area under the P(ω)
curve. Recall

N =

[
e

~ω0
kBT − 1

]−1

is determined by temperature. Thus the area under P(ω)
determines the temperature in the steady state.
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= N
1

2π

∫
dω

γ

γ2/4 + (ω − ω0)2

= N

Thus we can regard

P(ω) =
1

2π

γN

γ2/4 + (ω − ω0)2

as the power spectrum and N is the total area under the P(ω)
curve.

Recall

N =

[
e

~ω0
kBT − 1

]−1

is determined by temperature. Thus the area under P(ω)
determines the temperature in the steady state.



The damped quantum harmonic oscillator.

Writing the steady state average number in terms of Fourier
components ,

〈a†a〉ss =
1

4π2

∫ ∞
−∞

dω′
∫ ∞
−∞

dω′′e i(ω
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The driven damped quantum harmonic oscillator.

Add a classical driving force: Hdrive = F(t)x , which we write as

Hdrive = ~f (t)(a + a†)

f (t) =
F(t)√
2~mω0

Usually the force has a carrier frequency near the oscillator
resonance, F(t) = f (t) sin(ωDt), where f (t) is a slowly changing
envelope on average, but may include stochastic components, for
example f (t) = f0 + η(t) where η is a noisy component.

da

dt
= −iω0a(t)− γ

2
a(t)− if (t) sin(ωDt) +

√
γain(t)



The driven damped quantum harmonic oscillator.

If we go to an interaction picture

aI (t) = a(t)e iωD t

we find that

daI
dt

= −iδaI (t)− γ

2
aI (t)− if (t) sin(ωDt)e iωD t +

√
γaI ,in(t)

where δ = ω0 − ωD .

Typically we are interested in times such that ωDt >> 1, in that
case we can drop the rapidly rotating terms (the rotating wave
approximation)

daI
dt

= −iδaI (t)− γ

2
aI (t)− f (t)

2
+
√
γaI ,in(t)
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The driven damped quantum harmonic oscillator.

We now now work exclusively in the interaction picture, so we drop
the subscript I . Thus the quantum stochastic differential equation
for a driven damped harmonic oscillator is generically of the form

da

dt
= −iδa(t)− γ

2
a(t) + ε(t) +

√
γain(t)

where the classical stochastic averages for ε(t) are defined by

ε(t) = ε0

ε(t), ε(t + τ) = G (τ)

where A,B = AB − A.B.
Independent of t: stationarity ... all transients that result from
initial conditions have decayed away.

Note: in this form, ε(t) has units of frequency.



The driven damped quantum harmonic oscillator.

Exercise: Show that in the steady state,

〈a〉ss =
−ε

iδ + γ/2

Calculate the mean displacement and momentum in the steady
state in the original laboratory frame.



The driven damped quantum harmonic oscillator.

The noise power spectrum for the driving force is defined as the
Fourier transform of the two-time correlation function G (τ):

Sf (ω) =
1

2π

∫ ∞
−∞

dτe−iωτG (τ)

For example,
G (τ) = De−κ|τ |

Exercise:

Show that in this case the noise power spectrum is
Lorentzian.



The driven damped quantum harmonic oscillator.

The steady state response to the force can be most easily
calculated in the frequency domain:

ã(ω) =

√
γãin(ω) + ε̃(ω)

γ/2 + i(δ − ω)

where ε̃(ω) is the Fourier transform of ε(t).

Exercise:

Assume that ε0 = 0, so that the oscillator is subject to a
classical fluctuating force. Show that the steady state
photon number is then determined by

〈ã†(ω)ã(ω)〉 =
1

2π

∫ ∞
−∞

dω
γN + 2πSf (ω)

γ2/4 + (δ − ω)2



The driven damped quantum harmonic oscillator.

The steady state response to the force can be most easily
calculated in the frequency domain:
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Oscillator displacement.

Often we use a transducer to gain access to the steady state
displacement of the mechanical resonator.

x(t) = ∆0(a(t) + a(t)†)

where ∆0 is the ground state uncertainty in the oscillator

∆0 =

√
~

2mω0

If there is no driving force, 〈x〉ss is zero, however

〈x2〉ss = (2N + 1)∆2
0

thus even at zero temperature, N = 0 there are fluctuations in the
displacement. This is called zero point noise.



Oscillator displacement.

Define
Gx(τ) = 〈x(t)x(t + τ)〉t→∞

and

Sx(ω) =
1

2π

∫ ∞
−∞

dτe−iωτGx(τ)

Exercise:
Show that

Sx(ω) =
γ(2N + 1)∆2

0

γ2/4 + (ω0 − ω)2

On resonance and for zero temperature, this result gives the
standard quantum limit (SQL)

SSQL
x =

2~
mω0γ
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mω0γ



Cooling.

Verification of cooling.

Solid: classical mechanical oscillator
Dash: quantum mechanical oscillator.



Cooling.

See Theory of ground state cooling of a mechanical oscillator using
dynamical back-action.
Wilson-Rae, Nooshi, Zwerger, Kippenberg Phys. Rev. Lett. 99,
093901 (2007). (arXiv:cond-mat/0702113)

We will adopt a simpler approach focussing on the physics of the
anti-Stokes process:

n

n+1

driving photon

phonon

ω

ω

ωc

m

μ



Cooling.

Introduce the photonic cavity mode operators ap, a
†
p to be

distinguished from the mechanical operators am, a
†
m.

Linearised opto-mechanical coupling,

H = ~g(apa†m + a†pam)

The equations of motion are then

dap
dt

= −κ
2

ap − igam +
√
κap,in

dam
dt

= −γ
2

am − igap +
√
γam,in



Cooling.

Adiabatic elimination of the photons (simple method).

Assume that κ >> γ, g

ap → −
2ig

κ
am +

2√
κ

ap,in

dam
dt

= −Γ

2
am − i

√
γomap,in +

√
γam,in

where

γom =
4g 2

κ
Γ = γ + γom



Cooling.

Exercise:
Show that the steady state mean phonon number in the
mechanical system is given by

〈a†mam〉ss =
γom

Γ
n̄p +

γ

Γ
n̄m

where n̄p is the mean thermal noise input to the photonic mode
while n̄m is the mean thermal noise input to the mechanical mode.

At optical frequencies (and microwave at mK temp.) we set
n̄p = 0.

〈a†mam〉ss =
γ

Γ
n̄m

Cooling requires Γ >> γ.

The full theory shows there is heating due to residual Stokes
scattering as we will see.



Weak force detection.

How to detect a weak, noisy force on top of zero point motion?
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Will depend on strength of force plus noise w.r.t. zero point noise.



Weak force detection.

Rugar et al, Nature (2004).



Weak force detection.

Minimum detectable force.

x

p
uncertainty area

thermal equilibrium temp = T

Δp  uncertainty in momentum
Δx  uncertainty in momentummomentum

kick
Δp

ν: oscillator frequency



Weak force detection.

Recall,
Gx(τ) = 〈x(t)x(t + τ)〉t→∞

and

Sx(ω) =
1

2π

∫ ∞
−∞

dτe−iωτGx(τ)

The steady state uncertainty in the position is

〈x2〉ss =

∫ ∞
−∞

dωSx(ω)

i.e the total noise.

Note: Sx(ω) has units of m2.Hz−1.



Weak force detection.

Phase sensitive detection gives a measurement of

〈x̃(ω)〉 =

∫ ∞
−∞

dt〈x(t)〉e−iωt

and sensitivity depends on noise at frequency ω.

Need a force large enough that,

|〈x̃(ω)〉|2 ≥ SX (ω)

Define force sensitivity in terms of
√

Sx(ω),

force senst. = k
√

Sx(ω)

which has units of N.Hz−1/2 (here k is the spring constant.)



Weak force detection.

The transducer problem.

x(t)^

i(t)= G<      > + noisex(t)^  
c

Lehnert, arXiv: 0803:4007v2

i(t)

I how to measure the nanomechanical resonator displacement?

I how much noise is added by the transducer?

I what is the transducer back action on the nanomechanical
resonator?



Weak force detection.

State of the art sensitivities:

Atomic force microscopes:
240× 10−18 N.Hz−1/2. (limited by thermal noise)

IBM group:
low k and low temperatures, 0.8× 10−18 N.Hz−1/2.

Lehnert, Boulder:
superconducting cavity transducers, 3× 10−18 N.Hz−1/2.

Arcizet et al, Paris; Aspelmeyer, Vienna
optical cavity transducers, 0.1× 10−18 N.Hz−1/2
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Atomic force microscopes:
240× 10−18 N.Hz−1/2. (limited by thermal noise)

IBM group:
low k and low temperatures, 0.8× 10−18 N.Hz−1/2.

Lehnert, Boulder:
superconducting cavity transducers, 3× 10−18 N.Hz−1/2.

Arcizet et al, Paris; Aspelmeyer, Vienna
optical cavity transducers, 0.1× 10−18 N.Hz−1/2



Coupling EM fields to mechanical resonators.

qubit+nanomechanics
Lahaye, Nature 2009. 

Kippenberg group, 2009

Harris  group, 2009. 

Aspelmeyer group, 2009. 

NEC,  Appl. Phys. Lett. 2009

qubit+nanomechanics
Lahaye, Nature 2009



Coupling EM fields to mechanical resonators.

Three forms of physical interactions:

1. radiation pressure coupling.

2. capacitive coupling in superconducting cavities.

3. coupling via spatial modulation of refractive index.



Radiation pressure coupling.

homodyne
detection

a,a†

b,b†

b,b†a,a† optical mechanical

cavity driving

κμ

μ: mechanical damping rate
κ: cavity damping rate

Aspelmeyer

Self-cooling of a micromirror by radiation pressure, Gigan et al.
Nature, 444 67 (2006).



Radiation pressure coupling.

Displacement of the mirror changes the length of the cavity and
thus changes the cavity frequency∗.

HI = ~Ga†ax

= ~G ∆0a†a(b + b†)

≡ G0a†a(b + b†)

where
G = ωc/L

with L the length of the cavity, ωc is the cavity resonance
frequency and the displacement of the mechanical resonator is
written in terms of raising and lowering operators b, b†

x = ∆0(b + b†)

with ∆0 =
√

~/2mωm where m is the effective mass of the
resonator and ωm is the relevant mechanical resonance frequency.
∗ Jacobs et al. Phys. Rev. A 49 1994.



Radiation pressure coupling.

Typical values:

Gröblacher et al 460 724 (2009). [Aspelmeyer group]

G0 = 2π × 2.7 Hz

Chan et al. Opt. Express 17 3802 (2009) [Painter group]

G0 = 2π × 4× 105 Hz



Capacitive coupling.

A nanomechanical capacitor coupled to a superconducting
microwave cavity.

Regal et al. Nature Physics 4, 555 (2008) [Lehnert group]
Woolley et al., Phys. Rev. A 78, 062303 (2008).

Vac

NEMS

LT
CT

C (x(t))o

e(t) }

co planar cavity

microwave
driving

homodyne
measurement

circuit frequency: ωc = 1√
LTCT

.

Typically, ωc ∼ GHz



Capacitive coupling.

Equivalent circuit quantisation.

H =
p̂2

2m
+

mω2
m

2
x̂2 +

Φ̂2

2LT
+

Q̂2

2(CT + C0(x̂))
+ e(t)Q̂

where Q is the charge on the equivalent capacitor, Φ is the flux
thrugh the equivalent inductor.

e(t) = e0 cos(ωDt) circuit driving.



Capacitive coupling.

H =
p̂2

2m
+

mω2
m

2
x̂2 +

Φ̂2

2LT
+

Q̂2

2CΣ
+

β

2dCΣ
Q̂2x̂ + e(t)Q̂

Define

a =

√
ωcL

2~
Q̂ +

i√
2~ωcL

Φ̂ circuit osc.

b =

√
mωm

2~
x̂ +

i√
2~mωm

p̂ nanomechanical osc.

e(t) = e0 cos(ωDt) circuit driving.



Capacitive coupling.

H = ~ωca†a + ~ωmb†b + ~κ(b + b†)(a + a†)2

+~ε(e iωD t + e−iωD t)(a + a†)

κ = βωc

(
∆0

d

)
typical κ ≈ 0.01− 5 s−1



coupling via spatial modulation of refractive index.

Harris, Nature, 452, 72 (2008)

SiN dielectric membrane modulates cavity frequency
proportional to x (antinode) or x2 (node)

ωm = 2π105 − 106, Qm = 107 at 300mK.



coupling via spatial modulation of refractive index.

Hamiltonian.
H = ~ωc(x̂)a†a + ~ωmb†b

a, a† — optical mode
b, b† — mechanical resonator,

The resonator displacement is

x̂ = ∆0(b + b†).

ωc(x) =
(c

L

)
cos−1 (|rc | cos(4πx/λ))

where rc is the membranes reflectivity, typically rc ∼ 0.42.



coupling via spatial modulation of refractive index.

Cavity frequency versus displacement of mechanical resonator

Sankey et al,. Nature Physics 6, 707 - 712 (2010)



coupling via spatial modulation of refractive index.

Membrane is placed where ωc(x) has maximum slope,

HI = ~ωc(0)a†a + ~ωmb†b + ~G0a†a(b + b†)

Typical values

m = 4× 10−10kg, ωm = 2π × 134kHz

G0 ∼ 3× 10−3Hz



coupling via spatial modulation of refractive index.

Membrane is placed where ωc(x) has an extremum,

HI = ~ωc(0)a†a + ~ωmb†b + ~
χ

2
a†a(b + b†)2

In the interaction picture, neglect rapidly oscillating terms

HI ≈ ~ωc(0)a†a + ~ωmb†b + ~χa†ab†b

Access to a phonon number measurement.



Phase modulation in the semiclassical picture.

The optomechanical radiation pressure interaction is

Hom = ~G0a†a(be−iωmt + b†e iωt)

a, a† − optical

b, b† − mechanical

If mechanical resonator is driven on resonance into a steady state
oscillation with amplitude, β(t) = 〈d〉ss = βe−iωmt , we can make
the semiclassical replacement b → β

Hsc = ~ωca†a + ~∆(t)a†a

where
∆(t) = G0(βe−iωmt + β∗e iωt) ≡ D cos(ωmt)

looks like phase modulation of the cavity field.
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Phase modulation in the semiclassical picture.

We can solve the Heisenberg equations of motion

a(t) = a(0)e−iωc t−i(D/ωm) sin(ωmt)

This periodic function can be expanded in terms of Bessel
functions,

a(t) = a(0)e−iωc t
∞∑

n=−∞
Jn(D/ωm)e inωmt

The spectrum thus has peaks at ω = ωc + nωm, i.e. sidebands at
multiples of ωm.

These peaks will have the width of the cavity decay rate κ.

If ωm > κ the sidebands can be resolved.
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Phase modulation in the semiclassical picture.

Expect ωm << ωc (ωm ∼ 20MHz, ωc ∼ 6GHz)

Phase modulation of cavity at frequency ωm.

Can we distinguish the sidebands?
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κ is the cavity linewidth.



Boosting the optomechanical coupling.

Add cavity driving field, go to interaction picture:

H = ~δa†a + ~G0X̂ (t)a†a + ~ε(a + a†)

δ = ωc − ωD , X̂ (t) = be−iωmt + b†e iωt

Drive the cavity and linearise around the steady state

〈a〉ss = α0 = −iε/(κ/2 + iδ)

a→ a + α0

H = ~(δ + g |α0|2)a†a + ~gX̂ (t)(a† + a)

Enhanced coupling g = G0α0 (choose phase of ε).



Cavity + nanomechanical resonator.

Drive on blue sideband: ωD = ωc + ωm

Go to interaction picture for cavity at frequency δ

H = ~g(be−iωmt + b†e iωmt)(a†e iδt + ae−iδt)

Keep resonant terms, effective Hamiltonian:

Hb = ~g(ba + b†a†)

LIke a parametric amplifier, heating.



Cavity + nanomechanical resonator.

Drive on red sideband: ωD = ωc − ωm

Go to interaction picture for cavity at frequency δ

H = ~g(be−iωmt + b†e iωmt)(a†e iδt + ae−iδt)

Keep resonant terms, effective Hamiltonian:

Hb = ~g(ba† + b†a)

The cooling Hamiltonian.



Cavity + nanomechanical resonator.

Drive on red and blue sideband...two tone driving.
Effective QND measurement:

Effective Hamiltonian:

Hrb = ~g(a + a†)(be−iφ + b†e iφ)

φ: relative phase of two driving fields.

See Clerk et al. New J. Phys. 10, 095010 (2008)



Cavity + nanomechanical resonator.

with D.Vitali & P. Tombesi
Linearise at steady state (Gaussian approx)& use log negativity.
Strong driving & zero temperature.

blue red

μ μγ γ

μ=cavity damping x 10
γ= mech. damping x 10

 
-6

-6



Cavity + nanomechanical resonator.

with D.Vitali & P. Tombesi
Temperature > 0

γμ μγ

blue

blue red

γ

D. Vitali, P. Tombesi, M. J. Woolley, A. C. Doherty, GJM, Phys.
Rev. A., (2007).



Strong coupling regime.

See: Gröblacher et al. 460, 724, (2009)

If g is large enough, we cannot neglect the counter rotating terms
at any detuning.

H = ~δa†a + ~ωmb†b + ~g(b + b†)(a† + a)

→Normal mode splitting.



Strong coupling regime.

Gröblacher et al. 460, 724, (2009)

g=78kHz

g=325kHz



Single photon optomechanics.

The input field, ain(t) is prepared in a single photon excitation.

c|1> a
b

coherent source

single photon source

A

B

Count extra photon emitted from the cavity (over and above the
coherent steady state).

See Akram et al, New J. Phys. 12, 083030 (2010).



Single photon optomechanics.

Single photon states.

ai (t) = e−iΩat 1√
2π

∫ ∞
−∞

dωai (ω)e−iωt

The multimode single photon state is defined by

|1〉 =

∫ ∞
−∞

ν(ω)a†i (ω)|0〉

Normalisation requires that∫ ∞
−∞

dω|ν(ω)|2 = 1

This state has zero average field amplitude but

〈a†i (t)ai (t)〉 ≡ n(t) = |ν(t)|2

where ν(t) is the Fourier transform of ν(ω).



Single photon optomechanics.

Objective: calculate added single photon emission rates, κ〈a†a〉.

Need second order moments.

Define ~AT = (a(t), a†(t), b(t), b†(t))

C (t) = 〈~A(t)~AT (t)〉

dC (t)

dt
= KC (t) + C (t)TKT −√γκN(t)

where N(t) is a ’noise’ term due to the input photon. The line
width of the single photon pulse is γ.



Single photon optomechanics.

Zero-temperature, weak coupling
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Single photon optomechanics.

Zero-temperature, strong coupling
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Step 2: Measurement.

STATE 
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COHERENT 
CONTROL

QUANTUM 
MEASUREMENT



Step 2: Measurement.

The measurement record is a classical stochastic process.

V(t)

(ampli�er)

ampli�er

Signal analysis: power spectrum of V (t).

Gv (τ) = V (t + τ)V (t)t→∞ − V̄ 2

Sv (ω) =
1

2π

∫ ∞
−∞

e−iωτGv (τ)



Step 2: Measurement.

How does the classical signal reflect the quantum source?

observed process at time t is 
conditioned 
on the quantum state at time t

quantum state at time t+dt  is 
conditioned 
on the  observed process at time t

Stochastic Schroedinger equation

Measurement record

classical

quantum

See: Quantum measurement and control, H M Wiseman and GJM, Cambridge, 2010.
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observed process at time t is 
conditioned 
on the quantum state at time t

quantum state at time t+dt  is 
conditioned 
on the  observed process at time t

Stochastic Schroedinger equation

Measurement record

classical

quantum

See: Quantum measurement and control, H M Wiseman and GJM, Cambridge, 2010.



Step 2: Measurement.

The classical stochastic measurement record depends on the
conditional mean of the displacement:

V (t) = Γ〈x̂〉c +
1√
2Γ
ξq(t) + (additional noise)

where ξq(t), a white noise process.

additional noise: thermal motion of mechanical resonator, noise
added by amplifiers.

A quantum limited measurement has no additional noise, only
ξq(t), the back-action noise.



Step 2: Measurement.

Verification of cooling.

Solid: classical mechanical oscillator
Dash: quantum mechanical oscillator.



Step 2: Measurement.

Conditional quantum dynamics.

What is the quantum state of the mechanical resonator
conditioned on a particular measurement record?

A continuous ’state reduction’?



Phonon counting.

Sankey et al Nature Physics 6, 707 - 712 (2010)

Set the dielectric membrane at a node, modulates cavity frequency
x2 (node)



Phonon number measurements.

Membrane is placed at an extremum of ωc(x),

Assume cavity field is close to a steady state coherent state, and
linearize,

HI ≈ ~χ(ā + ā†)b†b

a phonon number dependent displacement of the cavity field.

If b†b → n(t), classical stochastic ’birth-death’ process, will look
like a fluctuating coherent source driving the cavity.Thus will need
to track the phase and amplitude of the field e.g. homodyne
detection.
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Conditional photon counting.

Cavity emission.

Assume that all photons lost are counted.



Conditional photon counting.

A simple model: Assume that at Poisson distributed times, a single
photon leaves the cavity.

The probability that in time interval t → t + dt a single photon
leaves the cavity is proportional to the mean photon number in the
cavity at time t times dt.

Total detections up time t by N(t), a stochastic variable

Pr(N → N + 1) = κ〈a†a〉dt



Conditional photon counting.

Suppose we start in the state |n〉〈n|

What is the probability, Pr [N(t) = 0], that we count no photons
up to time t?

This must be the same as the probability that n photons remain in
the cavity

Pr [N(t) = 0] = e−κnt



Conditional photon counting.

Let |n〉 denote a cavity state with exactly n photons.

If in time t → t + dt we count one photon, then the cavity has lost
one photon, so that

|n〉〈→ |n − 1〉〈n − 1| ∝ a|n〉〈n|a†

Let ρ(t) be cavity state at time t. If we see a count in the next
time step dt

ρ(t)→ ρ̃(t + dt)(1) = κdt aρ(t)a† un normalised

with probability tr[ρ̃(t + dt)(1)] = κtr(aρa†)dt = κ〈a†a〉dt



Conditional photon counting.

What is the conditional state given that we do not see a count in
time step dt?

The probability for this to happen is

Pr [N(t)→ N(t + dt)] = 1− κ〈a†a〉dt

Try
ρ̃(t + dt)(0) = (1− κdta†a)ρ(t) ???

Correct answer is

ρ̃(t + dt)(0) =
1

2

[
(1− κdta†a)ρ(t) + ρ(t)(1− κdta†a)

]
= ρ(t)− 1

2
κdt(a†aρ(t) + ρ(t)a†a)
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Try
ρ̃(t + dt)(0) = (1− κdta†a)ρ(t) ???

Correct answer is

ρ̃(t + dt)(0) =
1

2

[
(1− κdta†a)ρ(t) + ρ(t)(1− κdta†a)

]
= ρ(t)− 1

2
κdt(a†aρ(t) + ρ(t)a†a)
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Unconditional dynamics.

In a time step dt, ρ(t)→ ρ(t + dt)

ρ(t + dt) = Pr(lost)ρ(t + dt)(1) + (1− Pr(lost))ρ(t + dt)(0)

ρ(t + dt) = κdt aρ(t)a† + (ρ(t)− κa†a

2
ρ(t)dt − ρ(t)

κa†a

2
dt)

That is,

dρ

dt
= κaρ(t)a† − κ

2
(a†aρ(t) + ρ(t)a†a)

≡ κD[a]ρ(t)
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Non zero temperature

If T 6= 0, photons can enter the cavity at random times.

ρ̇ = −[H, ρ] + κ(n̄ + 1)D[â]ρ+ κn̄D[â†]ρ.

Here n̄ is the mean thermal photon number of the external field
evaluated at the cavity frequency ωc .

D[Â]ρ ≡ ÂρÂ† − 1

2
(Â†Âρ+ ρÂ†Â).



Markov master equation.

exercise Show that the rate of change of the average photon
number in the cavity is given by

d〈â†â〉
dt

= −γ〈â†â〉+ γn̄.



Phonon number measurements.

HI = ~χ(a + a†)b†b

Include the damping of the cavity and the mechanical resonator,

dρ

dt
= − i

~
[HI , ρ] + κD[a]ρ+ γ(N̄ + 1)D[b]ρ+ γN̄D[b†]ρ

N̄ is the mean thermal occupation of the mechanical resonator
bath at frequency ωm



Phonon number measurements.

moments of the unconditional state,

d〈a〉
dt

= −iχn̄b −
κ

2
〈a〉

dn̄b

dt
= −γ(n̄b − N̄)

where n̄b = 〈b†b〉.

n̄b(t) = n̄b(0)e−γt + N̄(1− e−γt )

〈a〉 = 〈a〉(0)e−κt/2 − iχ

[
(n̄b(0)− N̄)

(e−γt − e−κt/2)

κ/2− γ
+ N̄

(1− e−κt/2)

κ

]

Steady state field 〈a〉ss = −2iχN̄/κ



Phonon number measurements.

mechanical damping rate γ ∼ 1Hz
is much less than the field damping rate, κ ∼ 107 Hz.
Set mechanical damping to zero

Solve the master equation for the unconditional state, with initial
condition,

ρ(0) =
∑
nm

Pnm(α, α′)(|n〉〈m|)b ⊗ (|α〉〈α|)a

An arbitrary mechanical state and cavity a coherent state



Phonon number measurements.

Walls & GJM, Phys. Rev. A 31 (1985).

For short times,

ρ(t) =
∑
nm

Pnm(α, α′)exp

[
−
χ2t2

8
(n − m)2

]

× exp

[
−i
χt

2
(n − m)

(
α− α∗

)]
(|n〉〈m|)(b) ⊗

(|αn(t)〉〈αm(t)|)(a)

〈αm(t)|αn(t)〉
, (7)

rapidly diagonalised in number basis, and cavity is driven to a
mixture of coherent states.

Coherent states are the pointer basis∗ states for the cavity.

Coherent states: |α〉 for α >> 1 are semiclassical and orthogonal.

∗ Zurek, Phys. Rev. D 1981,1982.



Homodyne detection.

strong local oscillator

signal

photocurrent

photocurrent

J   (t)
hom

+constant

a (t)o
γ

a(t)



Phonon number measurements.

Conditional stochastic quantum dynamics.

observed process at time t is 
conditioned 
on the quantum state at time t

quantum state at time t+dt  is 
conditioned 
on the  observed process at time t

Stochastic Schroedinger equation

Measurement record

classical

quantum

Measure the output field amplitude from the microwave cavity
(homodyne), to give a stochastic measurement record.



Phonon number measurements.

Conditional stochastic quantum dynamics.
H M Wiseman and GJM, ”Quantum Measurement and Control”, CUP 2010.

dρ = − i

~
[HI , ρ]dt + γ(N̄ + 1)D[b]ρdt + γN̄D[b†]ρdt

+κD[a]ρdt +
√
κdWH[ae−i

π
2 ]ρ.

where
H[a]ρ = aρ+ ρa† − Tr(aρ+ ρa†)

is the measurement super-operator, and dW is the Wiener
increment.

For coherent states
H[a] (|α〉〈α|) = 0

...tends to localize on coherent states.
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Phonon number measurements.

Conditional stochastic quantum dynamics.

Solve the conditional stochastic quantum dynamics to compute
conditional moments for the mechanical resonator.
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See Gangat and GJM arXiv:1011????



Phonon number measurements.

Solve the conditional stochastic quantum dynamics to compute
conditional phonon dynamics
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